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In order to accurately model the bow-string interaction, a friction model is necessary that will correctly
predict the friction force during stick-slip phases. This force has been estimated from experimental mea-
surements. It appears to be at its highest at the start of slipping, and it decreases as the slipping speed
increases. On the way back towards the sticking phase, the force is lower than on the way towards the
slipping phase. It has been hypothesized that the temperature fluctuations of rosin are responsible for this
hysteretic behaviour [Smith, J. and Woodhouse, J., The tribology of rosin. J. Mech. Phys. Solids, 48(8),
2000]. In this work, a model is proposed that directly incorporates the temperature changes of rosin during
bowing. It is shown that the friction force resembles the one estimated from the measurements.
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1. INTRODUCTION

The bowed string and especially the non-linear phenomena occurring at the bow-string contact has been a
subject of numerous studies.* 3! Particularly challenging is the modelling of stick-slip behaviour occurring
during bowing. Numerous friction models based on observations have been suggested !4 !® but none can
accurately predict the string’s different regimes of oscillations from only bow force, acceleration and bowing
position. It has been long assumed that the only parameters shaping friction force are the relative bow-
string velocity and the bowing force. Reconstruction of friction force from experimental measurements'? !’
indicates that the friction force is highest at the start of slipping, then it falls as the slipping speed increases,
and on the way back towards the sticking phase, the force remains much lower than the maximum value
on the way out. That results in a hysteresis loop in the friction force versus velocity plane, indicating
that relative velocity can not be the only parameter shaping friction force. It has been suggested'* that the
variable which governs the friction force is not only the sliding speed, but the rosin temperature in the contact
region needs to be taken into account. Since the contacting bodies have some thermal inertia, changes in
temperature lag behind changes in sliding speed, producing a hysteresis loop. Rosin is a glassy material that
transitions from a solid to a liquid state depending on the temperature it is exposed to. As a lubricant, it
was first studied in Ref. 1 and later examined in Ref. 14 in the context of bowed string instruments giving
rise to a thermal friction model. The thermal model explains the falling friction-velocity characteristic,
measured during steady sliding experiments, in terms of melt lubrication. As the sliding velocity increases,
the temperature of the rosin layer rises and its viscosity drops resulting in a reduced resistance to sliding.
This description gives a physical explanation/interpretation for the hysteresis observed measurements of
the stick-slip friction-velocity characteristics of rosin coated surfaces. The accuracy of the thermal model
to correctly predict string oscillations was assessed by comparing a simulated Guettler diagram with an
experimentally obtained one in Ref. 4. The thermal friction!* model performed better than any velocity-
only-dependent friction paradigm recovering roughly the playability region. It was able to simulate various
steady-state regimes but reconstructing the transient part of bowed strings still posed a challenge.

In the last two decades an asperity based elasto-plastic friction model has been used in bow-string sim-
ulations. The elasto-plastic model was developed in Ref.2 and utilized for simulating bowed-strings first in
Refs. 13,15 and later in Refs. 6,7 where it was refined to be guaranteed-passive’ enabling stable simulations.
This friction model assumes that the two surfaces, the bow and the string, are irregular at the microscopic
level, and their contact is modelled through an ensemble of elastic bristles, each contributing to the total
friction load. As the bow drives the string, the bristles stretch to the point of breaking and the string starts
to slide. The model has been shown to reconstruct both the steady-state and the transient part of the signal
and the global performance was compared to measurements with the help of Guettler diagrams® predicting
roughly the correct playability region. In previous frictions models hysteresis rules were imposed in order
to impose uniqueness of the solution. In this work, since the friction force is governed by relative veloc-
ity and bristle displacement through a differential equation which possesses a unique solution, hysteresis
loops arise naturally. However, the hysteresis loops differ considerably from those observed in experimen-
tally measured waveforms.!” Hysteresis loops from the elasto-plastic friction model are confined only to
lower velocities. For higher relative velocities the friction force is constant, in contrast to the experimental
observations.5

The range of bristle displacements over which combined elastic and plastic sliding occurs in the elasto-
plastic friction model is a function of relative velocity. Introducing an additional fluid-related state variable
should provide better consistency with the underlying physics. Therefore, the changing viscosity of rosin
(due to temperature fluctuations) as an elasto-plastic lubricant should be reflected in the bristle breaking
point. In this article, a temperature-dependent asperity-based friction model is suggested that regulates
the bristle displacement and the break-away point according to the viscosity of rosin, effectively merging
thermal and elasto-plastic friction models.
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In Section 2 the elasto-plstic model is briefly recounted and a refinement taking into account changes in
the rosin temperature. The application of a new model to bowed strings is described in Section 3 followed by
a brief description of a discretization scheme. Finally in Section 4 the performance of the model is presented
via an example and the refined model is compared to the original temperature-free elasto-plastic model.

2. PHYSICAL MODEL

The elasto-plastic friction model is an asperity-based friction model developed first in Ref.2. This model
assumes that the two surfaces, in this case the bow hair and the string, are irregular at the microscopic level,
and their contact is modelled through an ensemble of elastic bristles, each contributing to the total friction
load, see Fig. 1. The bristles are modelled as damped stiff springs and when the strain exceeds a certain
break-away threshold, the bristles break, and the two surfaces begin to slide.

sliding body — sliding body — sliding body

;f ; 55 ;3 e
A

277272777777 1777777777777 777770 77 1777707777777 7777777777777777  077777777777777
///////////////////////////////////////////////////////////////////////////////////////////

Y

Figure 1: Bristle interaction between the two sliding bodies.

Denoting by z the average bristle deflection and by v the relative velocity between the string and the
bow, the model is described as follows:

F = ooz+01(v)3, (1)
(2

z

2ss(V)

po= v [1—a(z,v)

where o in [kg/s?] and o in [kg/s] are bristle stiffness and damping, respectively. The change of rate with
which the bristles stretch or contract is related to the relative velocity through the adhesion map «, defined

as
0, <0
a(z,v) = ve= (3)
am(z,v), vz>0,
where
07 ‘Z‘ S Zba
om(z,v) = § am(v,2), 2ba < 2] < |255(0)] )
1, 2| > J2ss(v)]

where zp, < pc fn/00 is the break-away displacement,

_ 1[ : |2 — 5(l2ss(0)] + 2ba)
am(z,v) = =|sin (7 0(z,v —I-l}, 0(z,v) = %)
m( ) 2 ( ( )) ( ) ’Zss(v)‘ — Zba
and zg is the steady-state displacement for constant velocities
N ( — —lv/vs|?
pe + (s — pe)e ) ;o v=20
Zss(v) = 70 ©6)

—%(Mc + (1s — Mc)ef‘v/vs‘p) ; v<0,
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with vg > 0 and p > 1. When p = 2, vg is referred to as Stribeck velocity. Here, us and pc denote
static and dynamic friction coefficients, respectively, and fy is the normal force applied by the bow. For
small bristle displacements, when |z| < zp,, a(v,2z) = 0 and consequently 2 = v, a purely elastic and
reversible regime is entered, referred to as pre-sliding (sticking). For larger displacements, that is when
Zba < |2] < |zss(v)], some bristles start to break and a mixed elasto-plastic sliding occurs. Finally, for
|z| > |zss(v)| all bristles break, and a purely plastic regime is achieved, that is the string slips under the
bow. In that situation, a(z,v) = 1. The original elasto-plastic model assumed that the bristle damping is
constant. It was shown in Ref. 7 that the model is guaranteed-passive when the bristle damping varies with
relative velocity v and normal force fy, as

e fN . pe fn

— ; 7
Vo2 + €2 o1 2

o1(v) =
such that 0 < o3 (v) < 7 and 01(0) = 7;.
The rosin is a material that changes its state due to temperature, changing effectively the viscosity of
the rosin. That in turn is reflected in the steady-state displacement function, the Stribeck curve. In order to
incorporate the influence of temperature in the elasto-plastic model, the Stribeck curve is adapted according
to the changes in viscosity. The variation of viscosity with the temperature was reported in Ref. 14 and was
observed to follow an exponential trend, well approximated by

20-T

n(T) =mno-n(T), 7(T)=10"w", (8)

where T is the temperature in Celsius and 7 is the viscosity of rosin at room temperature Ty = 20°C, see
Fig. 2 (plot on the right). Let
60(T) = o0i(T) ", ©)

such that 6¢(7p) = o0, and define the underlying Stribeck curve of the elasto-plastic model, that is the
steady-state displacement, as a function of v and T'

%(Mc + (us — Mc)€_|”/vs|p) , v=>0

zs(v,T) = (10)
_&[f(NT) (Mc + (s — Mc)e_‘”/vs‘p) ; v<0.
The adhesion map, eq. (3), changes accordingly
0 <0
a(z,0,T) =4 ve= (11)
am(z,0,T), vz >0,
where
0, |z| < zpa(T)
am(z,0,T) =4 am(v,z,T), z20a(T) < |2| < |2ss(v, T)] (12)
L, 2] = |26 (v, T)| ,
with 2b,(T) < pcfn/60(T) the break-away displacement, and
1 2] = 5(J2ss (v, T)| + 20a(T))
Qm(z,v, T :f[sin w0(z,v,T))+1], 0(z,v,T) = 2 (13)
m(# 0, T) = 5| sin(r6(zv,T)) v ) = 0, D = (D)

Lower viscosity of a lubricant results in lower friction. That is, for low viscosities the bristles start
to break much earlier, triggering slipping. The steady-state displacement functions for different values of
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Figure 2: Top: steady-state bristle displacement functions for different temperature values. Bottom: a curve mod-
elling bristle displacement z according to the relative velocity of the string with respect to the bow, v, for different
steady state functions. When z is between —zp, and zp, the string sticks to the bow, in the regions (—z(v), —2pq)
and (zpq4, 255(V)) the bristles start to break away (elastic displacement) and when |z| > |z (v)| the model enters a
plastic phase, and the string slides. For higher temperatures, the bristles start to break away sooner. Right: viscosity
as a function of temperature according to eq. (8) with ng = 3 - 10°.

temperature are plotted in Fig. 2. They result in different shapes of the adhesion map which rules the change
of rate with which the bristles stretch or contract.

For the model to include the lubricant’s viscosity, the contact temperature has to be monitored. A simpli-
fied equation of rate of change of temperature is proposed here where it is assumed that thermal conductivity
Ky in [W/m/K] does not change significantly as temperature is varied. Additionally, it is assumed that the
sliding surfaces (the bow and the string) have a constant temperature 7 and that the heat diffusion rates
are determined only by the properties of rosin. Then, the rate of change of the rosin temperature can be
expressed as

Abpee;T = —kWo(T — Tpy) + Fu, (14)

where p, in [kg/m?] is the mass density of rosin and ¢, in [J/kg/K] is the specific heat capacity of rosin. The
layer of rosin is § thick and the area of contact is A, while W, is the bow width. The first term on the right
hand side of eq. (14) describes the heat transfer from rosin layer to the surfaces of the string and the bow,
while the second term is the rate of heat generation coming from friction.

The equation governing contact temperature, eq. (14), differs slightly from the one suggested by Smith
and Woodhouse in Ref. 14. There the authors shaped the contact temperature as

t
Adpee, T = — / g(t — )T (1) dr — WhéprcvT + Fu, (15)
—00
modelling the heat transfer with the help of a suitable Green’s function for the heat diffusion problem and
adding the convection with the rosin (second term on the right hand side of eq. (15)).

3. BOWED STRING

A bowed string model that omits body coupling and simplifies string damping is chosen for the demon-
stration of the results. This simplified approach is favoured in this case, as including these additional factors
would not enhance the presentation of the friction model.

Proceedings of Meetings on Acoustics, Vol. 58, 035014 (2025). Page 5
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The governing equations for the motion of the string excited by a bow are the equations describing
transverse (eq. (16)) and torsional (eq. (17)) waves. They are coupled through the distributed friction force
f (IN/m]) and this force in turn is linked to the bow hair displacement 1 (see eq. (18)). The bow hair is
modelled as a harmonic oscillator.'® The friction force is modelled according to the elasto-plastic friction
model enhanced with temperature dependency. The partial differential equations describing the motion of
the bowed string are,!% 1!

pAdu = TO*u — EI0 u — 2y0pAdsu + 271 pAdy0*u — f (16)
Prdjw = Kt 92w — 272 Pr dyw + 1 f , (17
DywOin=—Knn—Tywom—f, (18)

where p is the material density, A = 7r? the cross-sectional area of the string with radius , T is the tension
of the string, £ the Young’s modulus, I = 7r*/4 the area moment of inertia, and o and ; represent
frequency independent and frequency dependent damping. Moreover, Pr denotes the polar moment of
inertia, K torsional stiffness and y, is a torsional damping coefficient. The bow stick is regarded as a rigid
frame moving at a given velocity v, and supporting a ribbon of compliant bow-hair of density Dy, ([kg/m])
with distributed spring and damping constants K}, and I'y,, respectively. The relative bow-string velocity is
then expressed as

v = (Ou — row) — (v, — Om) . (19)

Assuming simply supported ends, the boundary conditions for the transverse movement of the string are
(@, t)|pm0r =0,  Ouly—o,L =0, (20)
and for the torsional movement we assume fixed boundary conditions,
w(x,t)|z=0r =0. (21)
Assuming distributed contact, the friction force f is
f(z,0,T) =00z + 01(v)0sz, (22)

where og and o; are now distributed stiffness and distributed damping respectively, and 0;z is the time
derivative of z and is related to v and 7' through

z

Oz=v|l— T)———
tZ v OZ(Z,U, )zss(v,T) 9

(23)
where the adhesion map « is defined in eq. (3) and z.(v, T') is a steady-state displacement function given
by the Stribeck curve, eq. (10). The damping term o (v) is defined in eq. (7). For the distributed contact,
the equation governing the changes in temperature becomes

Adprey 0T = =W (T — Tp) + fo, 24)

where now ¢; in [J/kg/K/m)] and &, in [W/K/m?] are distributed specific heat capacity of rosin and thermal
conductivity, respectively. The contact region and the thickness of the deforming layer of rosin are both hard
to determine from the experimental measurements. The parameters used here were chosen to be within a
plausible range to result in roughly similar temperature fluctuations as simulated in Ref. 14.

In order to numerically simulate the bowed string, a finite difference numerical method is used to dis-
cretize the system. The energy-conserving discretization scheme proposed in Ref.7 is used here to discretize
eq. (16) - eq. (18) and eq. (22) - eq. (23). Equation (24) is discretized using a forward difference operator,

B ke Wh frov"

n+1 __ n __
T = A Abprcy (T To) + M Abprc,

+T", (25)
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where A, is the time step and T, v™, f” are vectors of temperature, velocity and friction force at time step n
with entries corresponding to the M points along the contact region between bow and string, and © denotes
the Hadamard product.

First the temperature T" is calculated from the previous time step. Then Newton’s method is used to
compute the velocity and bristle displacement necessary to update the equations of motion eq. (16) - eq. (18)
as in Ref.7.

String parameters H value H Bow parameters H value ‘

L string length [m] 0.7 || ap  bow acceleration [m/s?] 0.8722
r string radius [m] 5-107% | v,  bow velocity [m/s] 0.3439
T string tension [N] 149.74 || fx bow force [N/m] 2.3433
p  material density [kg/m?] 10128

FE Young’s modulus [Pa] 1.37 - 1010 I} bow position [-] 0.0786
c wave speed [m/s] 137.2 || Wy, bow-hair width [m] 0.01
7o  freq. ind. damping [s™!] 1.537

v freq. dep. damping [m?/s] 0.0087

Kr torsional stiffness [N-m?] 3.03-107* | D,  bow-hair density [kg/m] 0.45
Pt polar moment of inertia [kg-m] || 4.2 - 10719 || K, bow-hair stiffness [N/m?] 4.8 - 109
~v2  torsional damping [1/s] 0.0172 || T,  bow-hair damping [kg/s/m] || 5.7 - 103

Table 1: String and bow parameters used to simulate the waveform in Fig. 3 and Fig. 4.

4. NUMERICAL EXAMPLES

To demonstrate the behaviour of the model, bowing a cello D string is simulated. For these simulations,
the bow starts in contact with the string, and the force is kept constant while the bow accelerates from rest
with a chosen acceleration value until the steady-state bow velocity vy is reached. The string and bowing
parameters are listed in Table 1 and the sampling frequency is 50kHz. The contact area was set to WV,
at 1N normal bow force and was tuned according to the bow force value. That parameter was set here
somewhat arbitrarily as half the string circumference times bow width for a normal force of 1N, but it is
sufficient for presenting the behaviour of the model.

Friction model parameters H value H Rosin parameters H value ‘

oo bristle stiffness [N/m?] 3.186-10° | p, density [kg/m?] 1010
o1 bristle damping [kg/(m-s)] 0.0027 || ¢; specific heat capacity [J/kg/K/m] | 2.5 - 10*
vs  Stribeck velocity [m/s] 0.228 || k; thermal conductivity [W/K/m?] 11.3
pe  dynamic friction [-] 0.5071

s static friction [-] 1.0207

Table 2: Parameters of elasto-plastic model and of rosin’s properties.
Proceedings of Meetings on Acoustics, Vol. 58, 035014 (2025). Page 7
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Figure 3: Helmholz motion. Top: simulated bridge force. Bottom left: the friction force, relative velocity and
corresponding temperature for the last four periods of oscillation. Bottom right: hysteresis loop of the last five
periods of the simulation.

A simulated waveform is shown in Fig 3, top plot. The string exhibits Helmholz motion from the first
slip. Comparing carefully, it can be seen that the force is high at the start of slipping, and reduces during
the period of slipping. The sharp peaks of friction force appear always after the onset of a slip while the
peaks in temperature occur when the string starts to slow down. It can be observed that during slipping,
instead of a single friction curve, there are loops. The paths around these loops move anti-clockwise. The
details of the loop shapes can vary in different bow strokes, but the qualitative behaviour is always very
similar, agreeing with the observations in Ref. 12. The temperature rises quickly during the slip and as the
string slows down the temperature starts to drop until it reaches a minimum in the stick-phase of bowing.
The temperature ranges reported here are much lower than the ones calculated in Refs. 14, 16 using the
thermal friction model and eq. (15). There could be numerous reasons for that discrepancy, ranging from
the model of temperature chosen here to an oversimplified impact of temperature changes on the Stribeck
curve. Apart from the model choice, the factor that influences temperature fluctuations during bowing is the
effective contact area A, which was chosen here rather arbitrarily since in practice it is infeasible to measure.
However, there are no measurements of contact temperature to assess which ranges are correct.

As a comparison, the same parameters were used to simulate the waveform in Fig. 4 using the original
elasto-plastic friction model. It can be observed that the hysteresis loops are largely confined to sliding
speeds close to zero. The friction force always shows a rise followed by a marked dip, and for higher sliding
speeds it traces out much the same curve for rising and falling velocities in contrast to what is observed in
the reconstructed friction curves.!” Using the refined model, due to the dependency on the temperature, the
friction force occupies a wider range of values, from 0.2N to 2N, while the friction force resulting from the
original elasto-plastic friction model is confined to a much smaller region between 1.2N to 2.2N. In this
particular example, both models predicted Helmholz motion from the first slip with bridge force waveforms
being very similar. However for different pairs of bow force and acceleration the two models can predict
different transients which can be best observed by comparing respective Guettler diagrams.’

Guettler diagram serves as a measure in assessing the playability of a bowed string by measuring the
number of periods necessary to arrive at Helmholz motion. Such a diagram is generated by choosing a fixed

Proceedings of Meetings on Acoustics, Vol. 58, 035014 (2025). Page 8
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Figure 4: Helmholz motion as in Fig.3 simulated using the original elasto-plastic friction model. The friction
force is constant for a wide range of velocities during slipping.

location on the string and bowing from rest with an accelerating bow and constant bow force. The bowing is
repeated for different pairs of acceleration and bow force, that are incremented in small steps. The amount
of periods needed to reach Helmholz motion is represented by the colour (white corresponds to 0 and black
to 20 or more periods, with intermediate transient lengths having different shades of grey) of each pixel (see
Fig. 5).

transient time (periods) transient time (periods)

transient time (periods)
4.4 [ ]

2.3

bow force [N]

0.43
0.15 15 3.15 0.15 15 3.15 0.15 15 3.15
acceleration [m/sel acceleration [m/sz] acceleration [m/§]

Figure 5: Guettler diagrams for cello D string obtained from experimentally bowed string (left), simulated using
refined elasto-plastic friction model (middle) and simulated using thermal elasto-plastic model (right). The string
was bowed at 5.5cm from the “bridge”.

Three Guettler diagrams, generated for a cello D string with parameters as in Table 1, are shown for
comparison in Fig. 5. The left one was experimentally obtained by a robotic arm bowing a monochord,
the middle one was simulated using a refined elasto-plastic friction model, while the Guettler diagram on
the right was simulated using a thermal elasto-plastic friction model. The friction parameters needed for
the models are listed in Table 2. The chaotic nature of the frictional interaction is demonstrated by the
”speckiness” of the playability regions: small changes in either bow force or acceleration result in very
different transient times. The thermal elasto-plastic model seems to be more “playable” than a refined elasto-
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plastic friction model occupying more area in the bow force-acceleration plane. Moreover the playability
region of this model agrees more with the playability region of the experimentally obtained Guettler diagram.

For a more conclusive and meaningful comparison of the ability of thermal elasto-plastic model to prop-
erly predict measurements, measured Stribeck curves are necessary. In the present model, a simple scaling
of the Stribeck curve according to drop in viscosity due to temperature changes was applied, however a
more realistic dependency of Stribeck curve on viscosity is needed. Another question remains how to assess
bristle’s stiffness and damping coefficients. The values that were used to perform numerical simulations
were obtained by inverse modelling methods applied to a measured bridge force waveform.® It is the goal
of the future work to assess bristle stiffness and damping from the measurements of rosin’s properties and
to incorporate measured Stribeck curves to the proposed thermal elasto-plastic friction model.

5. CONCLUSION

A refined elasto-plastic model incorporating temperature changes of rosin is presented. The underlying
steady-state displacement function was adapted for viscosity changes due to temperature. Friction force
when plotted versus relative velocity exhibits hysteresis loops, qualitatively agreeing with reconstructed
hysteresis loops obtained from experimentally measured waveforms. To achieve a good match with experi-
mental results, extensive measurements of rosin properties and subsequently extracting Stribeck curves for
different rosin temperatures are needed. This could lead to further model refinement in order to accurately
simulate bowed-string waveforms and generate numerical Guettler diagrams.
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