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Reconstruction of piano hammer force from string velocity

Antoine Chaigne?®
Institute of Music Acoustics, University of Music and Performing Arts Vienna, Anton-von-Webern-Platz 1,
1030 Vienna, Austria

(Received 18 March 2016; revised 5 October 2016; accepted 10 October 2016; published online
8 November 2016)

A method is presented for reconstructing piano hammer forces through appropriate filtering of the
measured string velocity. The filter design is based on the analysis of the pulses generated by the
hammer blow and propagating along the string. In the five lowest octaves, the hammer force is recon-
structed by considering two waves only: the incoming wave from the hammer and its first reflection
at the front end. For the higher notes, four- or eight-wave schemes must be considered. The theory is
validated on simulated string velocities by comparing imposed and reconstructed forces. The simula-
tions are based on a nonlinear damped stiff string model previously developed by Chabassier,
Chaigne, and Joly [J. Acoust. Soc. Am. 134(1), 648-665 (2013)]. The influence of absorption, disper-
sion, and amplitude of the string waves on the quality of the reconstruction is discussed. Finally, the
method is applied to real piano strings. The measured string velocity is compared to the simulated
velocity excited by the reconstructed force, showing a high degree of accuracy. A number of simula-
tions are compared to simulated strings excited by a force derived from measurements of mass and
acceleration of the hammer head. One application to an historic piano is also presented.

© 2016 Author(s). All article content, except where otherwise noted, is licensed under a Creative

Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).
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I. INTRODUCTION

In pianos, precise knowledge of the hammer force in
terms of amplitude, duration, and shape is essential since it
fully determines the resulting free vibrations of the strings.
Therefore, it is not surprising that a vast literature exists on
this matter in piano acoustics. For years, one commonly
used method for deriving the force consisted in multiplying
together the measured mass and acceleration of the hammer
head."? This method yields an acceptable rough estimate of
the hammer pulse, though it suffers from several limita-
tions.> Among these limitations, the oscillations of the ham-
mer shank were highlighted experimentally by several
authors in the past,*> and confirmed by recent simulations.®
With the emergence of new optical techniques and, in partic-
ular, of those using high-speed cameras, new methods are
now available for measuring the hammer force with great
accuracy.’

In this paper, an alternative method is proposed for
determining the hammer force. This method is based on non-
contact measurements of the string velocity from which the
hammer force is derived through appropriate filtering based
on the properties of the wave propagation along the string.
The underlying motivation of this method follows from the
observation that the hammer is not always easily accessible
on all pianos and, in addition, that sophisticated optical
methods cannot always be simply implemented in all situa-
tions. This fact has been experienced by the author during
experiments on historic pianofortes, for which conservation
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requirements impose to find fast, portable, and non-intrusive
measurements. A similar approach was used in the past for
the bowed string.”

The basic principles of the reconstruction method are
presented in Sec. II for a linear undamped nondispersive
string (a so-called “ideal” string) excited by an imposed
hammer force pulse fy(¢) of finite duration t; at a given
striking position xz. The transverse string velocity v(f) is
measured at a given position x; along the string. The initial
transient part of v;(¢) is represented by the finite sum of ele-
mentary waves generated by the hammer, and traveling back
and forth along the string. For piano strings, it is shown that
2 to 8 waves are sufficient for representing this initial tran-
sient adequately for the complete piano compass, the number
of waves to be considered depending on both the fundamen-
tal frequency f; of the note and force width 7. A classical
comb filter is applied to vy(7) in order to reconstruct the ham-
mer force. The appropriate choice of x is imposed by the
properties of the filter.

In Sec. III, the method is applied to simulated piano
strings. The simulations are based on a model of a damped
nonlinear stiff string recently developed by Chabassier
et al.® The physical parameters of the simulated strings are
measured on real pianos. The string is excited by an imposed
hammer force pulse. This input force has realistic amplitude,
time width, and shape for each simulated note. The perti-
nence of the wave filtering method is validated by compari-
sons between the input force and the reconstructed force.
Three different types of wave filters are used in order to
cover the complete range of notes of a piano keyboard. The
influence of damping, stiffness, and amplitude of the string
motion on the estimation of the hammer force are examined.

©Author(s) 2016.
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In Sec. IV, the method is applied to measured piano
strings. The string velocity is measured with a calibrated
electromagnetic sensor. The reconstructed hammer force
serves as the input force for the corresponding simulated
string, and the resulting simulated velocity is compared to
the measured velocity. In some particular cases, the recon-
structed hammer force is compared to the force derived from
measurements of hammer head acceleration and mass, and
the influence of hammer shank motion is discussed. Finally,
an example of application of the method to an historic piano
with a Viennese action is presented.

Il. THEORY
A. ldeal piano string model

In this section, it is assumed that the motion of the piano
string is described by a linear wave equation without damp-
ing or stiffness terms. The string is characterized by its ten-
sion at rest Ty, length L, and linear mass density u. The
string is rigidly fixed at both ends, agraffe (A) and bridge
(B), which are considered as perfectly reflecting boundaries.
Only one transverse component of the string motion y(x,f) is
considered, in the direction of the initial hammer velocity,
which is here assumed to be vertical. In this ideal case, the

equations of the struck string are written”"'°
&y . &y
HW — TO@ :fH(t)é(X —)CH)7 Vxe [07[4}7

y(x=0,0)=0, y(x=L,t)=0, (1)

where fy;(¢) is a hammer force of finite duration 7;; applied at
the striking position xy, and J is the Dirac delta function.
The transverse speed is ¢ = /Tp/u, the fundamental fre-
quency is fi = 1/T) = ¢/2L, and Z, = \/uT) is the charac-
teristic impedance.’ In pianos, the striking point is situated
at a distance roughly equal to L/10 from the agraffe.'' The
string velocity vs(f) is measured at position x,. Figure 1
shows the case where x; is situated between agraffe and ham-
mer. Both situations x; < xz and x; > xz will be examined in
this section. At position xz, the hammer blow generates two
pulses vy, (1) = f(t)/2Z, traveling in opposite directions: the
left wave toward the agraffe (A), and the right wave toward
the bridge (B). These elementary pulses reach the sensor
position at successive instants of time #; whose expressions
are given in the Appendix.

In Sec. II B, an intuitive analysis of the wave propaga-
tion on the string is presented, showing that the number of
elementary pulses (or waves) to consider in the measured
string velocity to reconstruct the hammer force depend on
the ratio between the force width 7 and the string period T';.
For pianos, this leads to the elaboration of two-, four- and
eight-wave schemes, depending on the played note. In Sec.
IIC, it is shown that these three schemes are particular cases
of a general formulation of the transfer function between
string velocity and hammer force that needs to be inverted in
order to recover the force. This inversion imposes precau-
tions in the measurements and, in particular, in the appropri-
ate selection of the measuring point x;.
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FIG. 1. Simplified geometry of a piano string with agraffe (A), speaking
length L, bridge (B), measuring position x; of the sensor (S), striking posi-
tion xz of the hammer (H), and traveling waves at speed c. Case x, < xz.
The ¢; are the successive instants of time where the pulses reach the sensor.

B. Principles of the force reconstruction method.
Wave analysis

1. Bass and medium range of the piano. Two-wave
scheme

Reconstructing the hammer force from the string veloc-
ity is an inverse problem. Knowing v,(¢), the goal is to
recover the force pulse fiy(¢) through the analysis of the
wave propagation on the string and the reflection of the
pulses at the boundaries (agraffe and bridge). Figure 2 illus-
trates this point in the typical case of a piano note in the bass
(or medium) range, where the string velocity waveform
recorded near the agraffe is clearly separated into two dis-
tinct parts. In the presented case where x; < xz, the first part
of vs(¢) is proportional to the sum of the incoming hammer
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FIG. 2. Example of decomposition of the string velocity v, (dashed-dotted
line) measured at the sensor position in the situation x; < x; shown in Fig. 1,
when the width 7 of the force pulse is small compared to the period (bass
and medium range of the piano). The first part of the measured velocity is
proportional to the sum of the first incoming force pulse (1: solid line) and
of its reflection at the agraffe (2: dashed). The second part is proportional to
the sum of the pulse reflected at the bridge (3: dashed) and of its reflection
at the agraffe (4: dashed).
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force pulse (1) and its reflection at the agraffe (2), whereas
its second part is proportional to the sum of the force pulses
reaching the sensor after reflection at the bridge (3) and after
further reflection at the agraffe (4). Each reflection at either
end is characterized by a change of sign. Using the notations
defined in Sec. IT A, we can write for the first part of v,(¢),

vs(t):i fH(t—XH:%) —fH(t_fofx*) )

The calculation in the Appendix shows that Eq. (2) can be
used to reconstruct the hammer force pulse as long as its
width 74 is such that

2L — L—
oy < 2Lm) _L—xn g 3)
c L

This condition is obtained by considering that the force pulse
(1) goes to zero before the third pulse reaches the sensor. In
other words, Eq. (3) means that the number of elementary
waves to consider for the reconstruction is equal to the num-
ber of waves reaching the sensor during the duration t; of
the force pulse width. Since xy usually is on the order of
L/10, the condition in Eq. (3) corresponds to a force pulse
duration slightly smaller than the period T, of the string’s
oscillation. In practice, Fig. 3 shows that this condition is ful-
filled for most pianos below the note C5. In this range, the
force reconstruction method then consists in inverting the
two-wave scheme expressed in Eq. (2). This inversion is
achieved by applying a dedicated so-called reconstruction fil-
ter to the string velocity, as explained in Sec. II C. Analysis
of the filter properties will show why the velocity sensor
must be placed near the agraffe for this two-wave scheme.

2. Upper range of the piano. Four- and eight-wave
schemes

In pianos, the width of the force pulse decreases less
rapidly than the period of the string’s oscillation when

—_
o
N

—
o_A

—_
o
o

Hammer pulse duration uy (ms)

C7 C6 C5 C4 C3 C2 Cf
Period (string note)

FIG. 3. Comparison between measured hammer pulse duration 7y and
period T} = 1/f of the notes for different striking forces on various modern
and historic keyboards: J. B. Streicher 1873 (@), Bosendorfer 1960 (H),
Steinway D 1977 (A), C. Graf 1828 (V), N. Streicher 1819 (#). Solid line:
ty = Ty, dashed-dotted line: 7y = 2 x T;. The x-axis is in log-scale, each
octave corresponding to a period doubling. The period for the note C6 is
roughly equal to 1.0 ms.
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moving toward the treble range (see Fig. 3). As a conse-
quence, the propagating pulses get closer to one another and
several reflections can occur during the pulse width 7. It is
shown in the Appendix that, under the condition

2(L —xy) < ety < 2L, “4)

the initial force pulse goes to zero before the fifth reflected
pulse reaches the sensor. Therefore, the string velocity can
be represented by a sum of four waves during the initial time
interval 4. An example is shown in Fig. 4. The frequency
analysis of the corresponding reconstruction filter then
shows that the measuring point of the string velocity x; now
must be close to the bridge in order to recover the force
properly (see Sec. II C). In practice, the condition in Eq. (4)
required for this four-wave scheme is rather restrictive. It is
fulfilled in a small range of notes for most pianos, usually
between the notes C5 and C6 (see Fig. 3).

For the remaining two upper octaves of the piano (notes
C6-C8), a typical situation is shown in Fig. 5. In the exam-
ple presented here, it is seen that the first six pulses are
involved in the expression of vy(¢) over the duration 7y of
the initial force pulse. Following the same reasoning as pre-
viously, we could think of considering six waves over this
time interval to reconstruct the hammer force successfully,
under the condition that the seventh pulse reaches the sensor
after extinction of the first pulse. However, it turns out that
such a six-wave scheme is unstable. The idea used here is to
consider eight waves (instead of six), because it yields again
a stable filter. This procedure does not affect the result of the
reconstruction: the output signal obtained is then made of
the reconstructed pulse of width t;; followed by a varying
number of zeroes, depending on the note. Another argument
for this eight-wave scheme is that it remains valid under the
condition

2L < cty < 4L, )

which, in practice, is fulfilled for the remaining upper part of
the piano (notes C6 to C8). As for the four-wave scheme, the

Time

FIG. 4. Fourwaves scheme. Configuration x;>x. In this example, four
pulses are involved during the initial time 7z corresponding to the width of
the force pulse 1. This initial pulse goes to zero before the fifth reflected
wave reaches the sensor. As a consequence, one can completely reconstruct
the force from the string velocity by means of a four-wave scheme.

Antoine Chaigne
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FIG. 5. Eight-wave scheme. Configuration x; > x,. In this example, the ini-
tial pulse goes to zero before the seventh wave reaches the sensor. However,
due to stability reasons, a slightly larger time interval of v; will be consid-
ered to reconstruct the force, where the velocity is represented by the eight
first incoming and reflected waves.

properties of the corresponding filter imposes to select x;
close to the bridge (see Sec. IIC). In summary, the force
reconstruction is governed by two important criteria. In the
time-domain, the width 75 of the hammer force pulse
imposes the number of waves to consider in the inverse fil-
tering. In the frequency-domain, the properties of the recon-
struction filter impose the location of the measuring point x;
along the string, as shown below in Sec. II C.

C. Reconstruction filters
1. General formulation

The string wave propagation qualitatively presented in
Sec. II B can be formally described by a filter with the ham-
mer force as input signal, and the string velocity at the mea-
suring point as output signal. For discrete signals sampled at
frequency f, = 1/T,, the appropriate tool is the z-transform
where a delay of T, corresponds to a multiplication by z~!.
Therefore z=™ corresponds to a delay of m samples, that is,
mT, seconds. For details on the :z-transform, see, for
example, Ref. 12. In what follows, V,(z) and Fy(z) denote
the z-transforms of v(r) and fy(r), respectively. In the
Appendix, the example of a plucked string with a pickup out-
put developed by Karjalainen et al. is adapted to the present
piano case."® For a lossless nondispersive string, it is shown
that the transfer function between string velocity and hammer
force is given by

_ Ve )1 -
TFa() 220 (—zm) (©)

HVF(Z)

where n; accounts for the propagation delay between ham-
mer and sensor, m; and m, account for the delays due to
hammer and sensor positions, and mj5 is the delay for one
complete loop. Conversely, if V(z) is known, the hammer
force Fy(z) can be retrieved through the inverse transfer
function

Fu(z) M(1—zm)
Vi) )

Hpy(z) = (N

If the sensor is situated on the left-hand side of the hammer
(on the agraffe side: x; < xy), it is shown in the Appendix
that

J. Acoust. Soc. Am. 140 (5), November 2016

(= X5)fe e xfe
M= ml_T_Lfl’

_(L_XH)fe. _fi
mz_L—fl’ m3 A (®)

Conversely, for x; > x;; (sensor on the bridge side), the delay
constants are obtained through permutation of x, and x

_ (s —xu)fe _ 2xufe _ Xufe.
ny _f7 nmy = c - Lfl )
_L=x)fe [
R T A €)

2. Approximate two-, four-, and eight-wave filters

The transfer function expressed in Eq. (7) is valid for an
infinite number of waves reaching the sensor. The filters cor-
responding to the wave analysis presented in Sec. IIB are
obtained by truncating this expression to the initial portion
of the signal. Considering the first two incoming waves only,
then Hpy reduces to

Hpyow(z) = 22, — for x; < xpy,
— z7m
or (10)
4
ZZC m for Xy > Xy
Notice that the first expression in Eq. (10) is the transfer
function directly obtained by taking the z-transform of Eq.

(2). Similarly, a four-wave approximation is given by

zM

(1 —z7m)(1 —z7m)

Hpyay(z) = 22, (11)
Finally, for the eight-wave scheme, the corresponding filter
is obtained by approximating the factor (1 —z7") by the
two first terms of its expansion, which yields

zM

Hpysy(z) = 27, )
FV8 (Z) (1 _ Z*ml)(l _ Z*’”Z)(l +Z*’"3)

12)

Notice, in this case, that Eq. (7) can be used alternatively
instead of Eq. (12). The advantage is then to deal with the
feed-forward filter 1 — z=" rather than with the feedback ver-
sion 1/(1 4 z7™), which adds high peaks in the spectrum.

After filtering of the velocity, the hammer force pulses
are obtained by truncating the signal in time below the upper
limit of validity for each of the three schemes given in Egs.
(3)—(5). Using the general form of the inverse filter Eq. (7)
theoretically yields an infinite domain of validity in time.
However, in practice, due to the presence of noise and pro-
gressive departure from the underlying model when dealing
with real signals, the filtered velocity again has to be trun-
cated to reasonable values. An upper bound of 10ms is, in
general, sufficient for recovering the force.

3. Selection of the measurement point xs

Some precautions should be taken in using the previous
filters to reconstruct the hammer force. This is due to the fact

Antoine Chaigne 3507
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that both delays m; and m, now introduce comb filtering
effects with poles at frequencies fi,, = kf./m; and fi,
= kf,/my, respectively. Because of their high gain, these
pole frequencies can perturb the reconstruction of the force
if they are smaller than the upper limit fy,, of the velocity
spectrum. These perturbations are due to amplification of
noise and deviations from the ideal case in real signals at
these frequencies. Therefore, given the expressions of
and m, in Egs. (8) and (9), the appropriate strategy for limit-
ing these perturbations is to select x; so that fi,, is smaller
than the lowest poles fe/m; and f,/m,, which yields the fol-
lowing conditions:

L —
for x; < xy: =< f—l and xH fl
L fvm L fVM
(13)
for x;, > xy: — < —fl and fl
L fwm L fVM

For x, < xy, the second condition, relative to m, in Eq.
(13) is unacceptable since it implies that the spectrum of the
string velocity should be limited to the fundamental fre-
quency. Therefore, only the condition on m; remains, which
means that this configuration is valid for the two-wave
scheme only. According to the wave analysis presented in
Sec. II B, this scheme is applicable to the bass and medium
range of the piano. In this range, x; must be small compared
to L (sensor close to the agraffe) so that the poles of the filter
are rejected out of the velocity spectrum. With x,/L = 100,
for example, the lowest pole of the filter is rejected beyond
the 100th harmonic of the string.

The configuration x,>xy is applicable to four- and
eight-wave schemes if the two corresponding conditions in
Eq. (13) are fulfilled. From the wave analysis in Sec. II B,
we know that such schemes are applicable in the treble range
between C5 and C8. The second condition on m, implies
that x; is close to L, which is obtained now by placing the
sensor close to the bridge. In practice, good results are
obtained for 0.05 < (L —x;)/L < 0.1. The first condition
related to xz /L is imposed by the construction of the piano.
On average xy /L = 0.1, which means that the lowest pole
frequency of the reconstruction filter is rejected beyond the
tenth harmonic. Usual piano tones show relatively little
energy beyond this harmonic, between C5 and C8 (see, for
example, Fig. 11), and thus the configuration x; > x; is valid
in this range. Notice also that the regularization presented in
Sec. IIC4 allows to reduce the perturbating effects of the
poles.

4. Further considerations: Dispersion, fractional
delays and regularization

In the bass range of the piano, it becomes necessary to
account for the dispersion of the wave due to string stiffness.
One widely used method for this is to divide the transfer
function Hyr(z) in Eq. (6) by an appropriate allpass filter
D(z) whose phase and delay properties are based on the
physical parameters of the string. For a stiff string, the phase
shift ¢(f) for a roundtrip is given by'*

3508  J. Acoust. Soc. Am. 140 (5), November 2016

o=-2 L (14)
i l—i—Bf—2
ft

where B = n?El /ToL? is the stiffness coefficient. The associ-
ated group delay y(f) is given by

1 1
W) =r———75 (15)

f 2
f

1+B
+By

The pertinent dimensionless coefficient here is & = Bf?/f}
which, for a given frequency f, continuously decreases from
bass to treble. For reproducing this delay, a set of eight
biquad filters in cascade was applied, following the method
proposed by Abel et al.'*!

The delays defined in Egs. (8) and (9) are usually not inte-
gers. Therefore one useful strategy is to use fractional delay
filters to represent them. Here, Thiran allpass filters were
tested successfully.'® Oversampling is another strategy, so that
approximating ny, m, m,, and ms by the nearest integers
yields a small error. Both methods gave comparable results.

Finally, a regularization can be made in replacing (1
—z7™Yand (1 —z7™) by (1 —giz7™) and (1 — goz™™) in
Eq. (7), with 0.99 < g1,g>, < 0.999, so that the gain of
Hpy (z) does not tend to infinity at those frequencies. The con-
sequences on the pole frequencies are negligible. Physically,
such a regularization accounts for a slight dissipation at both
ends of the string. The interval of values of g; and g, are
selected somewhat arbitrarily, but the examples shown in
Secs. IIT and IV show that this has no appreciable effect on
the amplitude of the reconstructed force. However, selecting
g1 and g, smaller than 0.99 (which would correspond to losses
at the ends higher than 1%) generally leads to unwanted drift
in the reconstructed force waveform, showing that the corre-
sponding damping at the string ends is then probably overesti-
mated. Notice that, for coherence, the factor (1 — z~") must
be then replaced by (1 — g1g2z~"™). In conclusion, after
inversion, the most general formulation of the transfer func-
tion used for reconstructing the hammer force is written

_ 2" (1 — g18227™)D(2)
Vi) T (= gizm)(1 = gaz )

H FV (Z ) =
(16)
where the delays are implemented with fractional delay filters.

lll. APPLICATION TO SIMULATED PIANO STRINGS

In this section, the method of hammer force reconstruc-
tion presented in Sec. II is tested on simulated piano strings.
Using string simulations allows a perfect control on the input
hammer force and careful comparison with the reconstructed
force. In addition, the influence of the main causes of depar-
ture from the ideal string case on the quality of the recon-
struction can be tested and quantified separately, which is
not possible on real strings. Specifically, we take benefit of
the simulation model to test the influence of absorption,
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dispersion, and non-linearity of the string wave propagation
on the resulting hammer force reconstruction. The waves
schemes presented in Sec. II (two-, four- and eight-waves,
respectively) are tested in the different note ranges of the
keyboard of various pianos: bass, medium, and treble, and
for different striking forces (p,mf,f). The reconstructed ham-
mer force is obtained by filtering the simulated string veloc-
ity at a given sensor position x;.

A. Model and method

The string model used for the simulations is a part of a
complete numerical piano model developed by Chabassier
et al.®>'" This model will not be detailed further here, since it
has been presented in these previous papers extensively. For
the string part, this model includes damping, stiffness, and
nonlinear terms. The frequency-dependent damping is classi-
cally modeled by two-terms: a so-called “fluid” term and a
“viscoelastic” damping term for each component of the
string motion. The stiffness term is obtained by modeling the
string as a prestressed beam. The additional nonlinear terms
account for the influence of the amplitude on the string
motion.'® The transverse motion of the string is assumed
here to be vertical (in the direction of the hammer force) and
coupled to its longitudinal motion. The motion of both ends
(agraffe and bridge) is ignored in the description used here.
The values of the parameters are derived from measurements
on real strings (see Table I).

In the simulations presented in this section, the hammer
forces are given as input data. The amplitude, duration, and
shape of the imposed force pulses are selected as close as pos-
sible to the reality. In some cases, the hammer mass and accel-
eration were measured on real strings beforehand and, thus,
the input force is obtained by multiplying together these two
quantities. In the other situations, the string-hammer coupling
is modeled by a standard power law in which the coefficients
are adjusted in order to obtain realistic hammer force ampli-
tude and duration.'®?® As it has been already pointed out by
several authors,3’6 and as discussed further in Sec. IV of this
paper, we are aware of the fact that these input hammer pulses
might differ from the real forces, either because of several
causes of experimental errors (hammer misalignment, vibra-
tions of the hammer shank,...), or because of the approximate

TABLE I. String parameters used in the simulations. JBS73, JBS50, and

JBS36: J. B. Streicher pianos made in 1873, 1850, and 1836, respectively;
BSD: Bosendorfer piano (1960); ®: core diameter, NM: not measured.

Note Dt Dl F2 C4 Ci5  Ci5 D6 E6
Piano JBS73 JBS50 JBS73 JBS73 JBS36 JBS73 BSD BSD
L (m) 1717 1710 157 065 0261 0335 0.165 0.137
® (mm) 125 1.1 114 094 073 0885 080 0.80
Ty (N) 7816 520 598 5526 2679 593 680.5 522.8
71 (Hz) 36 37 87 245 547 523 1258 1328
iy (2) 50 NM 54 48 NM 42 702 696
Xy (mm) 190 180 165 75 28 42 20 17
X, (mm) 0 9 27 15 14 325 156 127
L=pAem ) 511 325 801 545 322 483 395 3.95
2 4
M ™ 0% 10 Pa

4 64
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modeling by a power law.” However, these differences do not
invalidate the testing of the reconstruction procedure pre-
sented here. In fact, this reconstruction is supposed to account
for any hammer pulse, provided that the linear theory pre-
sented in Sec. II is applicable, and for the appropriate wave fil-
ter (two-waves, four-waves, or eight-waves) compatible with
the pulse duration 7.

In Sec. IIIB, it is analyzed to what extent realistic
departures from the “ideal linear string,” in terms of absorp-
tion, dispersion, and nonlinear propagation, can affect the
reconstruction of the hammer force. A systematic study of
the influence of each of these perturbation terms is pre-
sented. In Sec. IIIC, representative examples of hammer
force reconstruction are presented in the three main ranges
of the piano: bass, medium, and treble, using the appropriate
waves schemes.

B. Effects of some causes of departure from the ideal
string on the reconstructed force

1. Absorption and damping

Consider a string with fundamental frequency f; = 1/T)
and frequency-dependent time-constant 7(f) due to damping.
For each partial n, the attenuation due to damping during a
roundtrip is proportional to 1 — exp[—T/t(f,)], which, for
T, < 7, reduces to Ty/t. An order of magnitude can be
obtained by calculating this attenuation around the mid-
frequency f, =1kHz. As an example, we measured t(f;,)
=1.2, 0.7, and 0.2 s, for the three strings Df1, C4, and E6
examined here. This yields an attenuation of 2.3%, 0.6%,
and 0.4%, respectively, for one roundtrip on these three
strings. In practice, the observed attenuation is smaller than
these limits (<1%) since the distance traveled by the wave is
less than twice the string length (see Fig. 6). As a conse-
quence, no correction was applied here since the attenuation
error is weak compared to the other sources of error. Notice
however that, if necessary, an additional filter can easily be
designed for compensating the frequency-dependent damp-
ing along the string.”'

2. Dispersion due to stiffness

At f=1KkHz, the stiffness coefficient ¢; defined in Sec.
IIC takes the values 7.9 x 107> for the string Dil,
1.28 x 10~ for the string C4, and 2.3 x 10> for the string
E6. This results in group delays (normalized to the period)
equal to 0.12, 1.9 x 10_2, and 3.4 x 10_3, respectively, for
strings Df1, C4, and E6. As a consequence, dispersive
effects are clearly seen on velocity waveforms for the strings
in the bass range, which results in a distortion of the wave,
even for reduced propagation distances on the order of xy
(see Fig. 6). For the two lowest octaves of most pianos, it
was thus necessary to design allpass filters in order to com-
pensate for this dispersion (see Fig. 12). The dispersive
effects decrease rapidly with the key number, and do not
alter the reconstruction of the force for the notes above A2
in all observed pianos.
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FIG. 6. Hammer force reconstruction in the bass range. Two-wave scheme. J. B. Streicher piano (1873): note Df1 (fundamental 36 Hz). (a) Comparison
between input force (solid) and force reconstructed from a simulated ideal string. (b) Differences in the reconstructed force due to damping (dashed) and non-
linearities (solid). (c) Comparison between input force (solid) and force reconstructed from a simulated stiff string (dashed-dotted line).

3. Amplitude non-linearity

An appropriate strategy for evaluating the influence the
non-linearity due to the amplitude of the string motion is to
examine the nonlinear vibrating equation, which, to a first-
order expansion, can be written as??

Ox {17

~

Py 20|, 3 ()
or? ¢ Ox? 2¢? ’

where ¢; = EA/u is the longitudinal wave speed in the

string of cross-sectional area A and linear density u. An
order of magnitude for the derivative dy/0x is given by the
ratio V/c between the amplitude of the string velocity V and
the transverse speed c. In total, the relevant dimensionless
non-linearity coefficient can be written

3EAV?

_2EAVT 18
2 To Cz ( )

ENL

This coefficient quantifies the change in transverse speed due
to the amplitude of the wave, which might induce some dis-
tortion. Here, again, exp regularly decreases as the pitch of
the note (or, equivalently, the key number) increases. For
V =1m/s (which, in most cases, corresponds to a mezzoforte
level), ent takes the values 2.39 x 1072, 3.7 x 107, and
2.83 x 107> for the three strings Df1, C4, and E6, respec-
tively. In practice, the effects of non-linearity on the force
reconstruction were observed in the low bass range only, for
V higher than 1 m/s (see Fig. 6). Notice that Eq. (17) accounts
for the transverse effects of the amplitude non-linearity only,
which is equivalent to a modulation of tension. The general
nonlinear model used here for the simulations also accounts
for the longitudinal component of the string, which is not
measured by the sensor.

In summary, the above dimensionless analysis of the
three “perturbation” terms (damping, stiffness, amplitude
non-linearity) in the ideal string wave equation shows that
stiffness is likely to be the main cause of errors in the force
reconstruction. Nonlinear and damping effects are much
weaker, although the errors due to non-linearity might rap-
idly increase with amplitude, since they are proportional to
the square of the string velocity. Another important result of
this analysis is that the effects of these perturbation terms
regularly decrease with the fundamental frequency of the
note. It is therefore expected that they are dominant in the
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bass range. The consequences on the reconstruction of the
hammer force are shown in Sec. III C for some simulated
notes in the bass, medium, and treble ranges of the piano.

C. Examples of reconstructed hammer forces
1. Bass range. Two-wave scheme

Figure 6 shows an example of reconstructed hammer
force for the string Dfl of a pianoforte made by J. B.
Streicher in 1873 (JBS73). The excitation corresponds to a
level between forte and fortissimo, with a maximum force of
32N, and a maximum string velocity of V=2.5m/s. A two-
wave scheme is applied. Figure 6(a) shows that the recon-
structed force perfectly coincides with the input force for a
simulated ideal string. The errors (in N) due to damping and
nonlinear terms are shown in Fig. 6(b). The maximum dis-
crepancy due to the damping terms is 0.02N, with corre-
sponds to a relative error of 6.0 x 107, and can be ignored.
The maximum error due to the presence of nonlinear terms
in the string wave equation is equal to 0.36 N, or 1.13% in
relative value. This error is comparable to other potential
causes of errors encountered in the application of the method
to real strings (see Sec. IV). Finally, Fig. 6(c) shows the
effects of stiffness on the reconstructed force. In this case,
the consequences of the dispersion are clearly seen, resulting
in an underestimation of the maximum force (around 20%
here), a slight broadening of the pulse, and the presence of
characteristic oscillations in the onset. The results presented
here are representative of those observed in the two lowest
octaves of the investigated pianos. The discrepancies due to
stiffness and non-linearity increase when approaching the
lowest notes of the keyboard. They decrease when moving
to the higher keys and, in general, as the amplitude of the
hammer force decreases.

2. Medium range. Two-wave scheme

In this paragraph, representative examples of hammer
force reconstruction in the medium range of the piano are
presented. This range covers nearly three octaves (from note
E2 to C5). In this interval of notes, a two-wave reconstruc-
tion scheme is applied. The string parameters and the input
force pulses are derived from measurements performed on a
JBS73 piano (see Table I). In Fig. 7, the input forces (solid
lines) and the reconstructed forces (dashed lines) are shown
for the notes F2 (fundamental 87 Hz) and C4 (fundamental
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245 Hz). The reconstruction is made with the complete string
model, including damping, stiffness, and nonlinear terms. It
can be seen that the hammer forces are very well reproduced
in each case. The amplitudes, time duration, and shapes of
the reconstructed forces coincide with those of the input
forces almost exactly. This means that the different causes of
departure from the “ideal” string integrated in the simulation
model do not affect the wave propagation substantially. As a
consequence, the effects of the additional terms (damping,
stiffness, non-linearity) remain small. However, one excep-
tion should be underlined: as seen in Fig. 7, the first pulse of
the reconstructed hammer force for the note Ff2 shows a
slightly more rounded profile than the input force, which
results in a smaller amplitude by a few percent. This discrep-
ancy is due to the dispersive effects of stiffness.

3. Treble range. Four- and eight-wave schemes

Finally, reconstructed forces are presented here for the
notes in the upper part of the keyboard. This range corre-
sponds to the domain of notes where the period becomes
smaller than the width of the hammer pulse, as shown in Fig.
3. In this domain (with pitch higher than C5 for most pia-
nos), four- and eight-wave schemes must be applied for
reconstructing the hammer force. Figure 8 shows two exam-
ples of reconstruction with the complete string model. The
hammer force of the Cf5 string is reconstructed with a four-
wave scheme, while the E6 force is reconstructed with an
eight-wave scheme. In both cases, no differences can be
seen between input and reconstructed forces, which means
that the perturbation terms have no visible effects.

In conclusion of this section, it is confirmed that the
hammer forces can be reconstructed from simulated string
velocities generated by a model that includes damping,
stiffness, and nonlinear terms in addition to the main iner-
tial and tension terms. Depending on the notes, two-, four-,

or eight-wave filters must be applied to the string velocity
to recover the hammer force. As shown in Sec. II, the
choice of the filter depends on the ratio between the period
of the string oscillation and the duration of the hammer
pulse. In the low bass range, corresponding to the two low-
est octaves for most pianos, dispersion effects due to stiff-
ness are more pronounced, which alters the quality of the
reconstruction. In this case, the dispersion needs to be cor-
rected by the use of an allpass filter whose parameters are
derived from the physical parameters of the string, as seen
in Sec. II C.

Due to the relatively small distance traveled by the
waves along the string during its transient oscillation, the
other causes of departure from the “ideal” “string” (damping,
non-linearity) induce only small effects in the reconstruction
of the hammer force: the duration and shape of the pulse are
not affected, and its magnitude is estimated within a few per-
cent, or less, compared to the input force.

IV. APPLICATION TO MEASURED PIANO STRINGS

After validation on simulated string waveforms, this
section shows some results obtained with the hammer force
reconstruction method applied to real piano strings. In addi-
tion to damping, stiffness and non-linearities, other physical
phenomena, might alter the quality of the force reconstruc-
tion. The coupling between the strings of a given note, the
whirling motion of the string, and lack of accuracy in the
velocity measurements, for example, might lead to wrong
estimations. Therefore, it is challenging to test whether the
proposed method is robust enough against these potential
causes of errors.

The general procedure is shown in Fig. 9. In the most
general case (case 1), the hammer force is not known. The
hammer force fuyr(¢) is then reconstructed through filtering
of the measured string velocity vy (7), following the method

25 20
(a) (b)
207 ] 15
FIG. 8. Force reconstruction in the tre-
Z 15 = ble range. (a) Piano J. B. Streicher
@ 8 10 1873: string Cf5, four-wave scheme.
E 10+ e (b) Bosendorfer: string E6 eight-wave
5 scheme. Comparison between input
5r force (solid) and reconstructed force
(dashed).
0 Ol
0.5 1 1.5 2 2.5 0 0.5 1 1.5
Time (ms) Time (ms)
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FIG. 9. Validation procedures of the hammer force reconstruction method. Case (1) Through appropriate filtering, the measured string velocity vy, (¢) yields
the reconstructed hammer force fyg (7). This force is used as input force in the string simulation model, which yields the simulated string velocity v;(¢), for
comparison with vg, (7). Case (2) If the hammer force fiy (1) = myay(t) is measured, another string simulation vgy (7) is performed with this force as input
excitation, and compared with both v, (7) and vy(¢). Further comparison is made between reconstructed fyg (7) and measured fi () forces.

presented in Sec. II. This force is used as input data in the
string simulation model presented in Sec. III, which yields
the simulated string velocity vg(7), for further comparisons
with vgy (1), as shown in Sec. IV B. In the present study, an
estimation of the measured hammer force fin(f) was also
derived in some particular cases from measurements of mass
and acceleration of the hammer head. In these cases (case 2),
this measured hammer force is compared to the recon-
structed force, and also serves as input data in the string sim-
ulation model, in order to compare the resulting string
velocity vsm () to both vgy,(f) and vy (¢). This second proce-
dure is detailed in Sec. IV C. The section ends with an exam-
ple of application of the method to the case of an historic
piano with a Viennese action.

A. Measurements

Figure 10 shows a picture of the setup used for measuring
the string velocity. The sensor is a standard electromagnetic
transducer made of a coil wound onto a small cylindrical per-
manent magnet, similar to an electric guitar pickup, and
placed in the vicinity of the string. This transducer delivers a
voltage proportional to the vertical component of the string
velocity. The distance between the magnet and the string is
adjusted with a micrometer screw. The sensor and the screw
can slide from string to string along a horizontal metallic bar
placed over the instrument. A calibration procedure is made
prior to the measurements, where the signal delivered by the
transducer is compared to the output of a laser vibrometer
Polytec IVS-400 (Horsching, Austria). The efficiency of the
transducer (in mV/m/s) is tested against string amplitude, fre-
quency, and sensor-string distance. The efficiency is constant
for a string amplitude between 20 and 300 um, and shows a
slight increase of 5% between 0.3 and 1.0 mm. In our experi-
ments, the sensor is placed either close to the bridge or to the
agraffe, so that the string amplitude is <200 um.

B. Comparison between measured and simulated
string velocity

We show here some representative results of the force
reconstruction method applied to measured string velocities.
This is supposed to correspond to the standard, and most use-
ful, application of the method. In the absence of measured
hammer force, the validity of the reconstructed force is
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tested by comparing the measured string velocity with simu-
lations where the input signal is the reconstructed force (see
Fig. 9).

Figure 11 shows the results of the hammer force recon-
struction method applied to the string C§5 of a J. B.
Streicher piano built in 1836 (JBS36). It can be seen that the
string velocity simulated with the reconstructed force repro-
duces the measured waveform almost perfectly, even on a
large time scale. This is confirmed by the spectral analysis
performed on the first S0ms of the signal, which shows a
high degree of coincidence between 0 and 5kHz. A DC-
component at —30dB below the maximum can be seen on
the measured spectrum.

In the bass range, an allpass filter is applied to the mea-
sured string velocity in order to compensate for the disper-
sion due to stiffness. Figure 12(b) shows the effect of this

FIG. 10. Experimental setup. The string velocity is measured with an elec-
tromagnetic transducer placed near the string. The string-sensor distance is
adjusted with a micrometer screw. The sensor and the screw-holder can slide
from string to string along a metallic bar.
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FIG. 11. Hammer force reconstruction

method applied to the measured string
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Cf5 of a J. B. Streicher piano (1836)
with a two-wave filter. (a) Comparison
between measured (dashed line) and
simulated (solid) string velocity. (b)
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simulated (solid) string velocity (10 ms),
and corresponding spectra.

filter on the hammer pulse when the dispersion is reduced,
which is comparable to the results obtained on the simula-
tions in Sec. II C when the stiffness term is removed from
the string equation. The string velocity simulated with the
filtered reconstructed force shows a good agreement with the
measured velocity over a large time scale (35ms) despite
some discrepancies in the amplitudes of some sub-
oscillations. These discrepancies could be due to some inac-
curacy in the modeling of the frequency-dependent damping,
always a delicate task, especially in the bass range.
However, the comparison between the two corresponding
spectra shows an excellent agreement. The major differences
are seen at the peaks of small amplitudes, around -20dB
below the maximum (0dB), and can be attributed either to
some small errors in the estimation of the string parameters
(damping) or in the measurements (precise location of the
string sensor).

2

Frequency (kHz)

C. Comparison between reconstructed and measured
force

Figure 13 shows an example of hammer force recon-
structed from measurements of the string velocity for the
note F2 of a J. B. Streicher piano (1873). The reconstructed
force is compared to the measured force derived from meas-
urements of mass and acceleration of the hammer head. One
can see that measured and reconstructed forces coincide dur-
ing the first pulse of the waveform. However, some differ-
ences exist in the magnitude of the second pulse. In addition,
the measured force tends faster to zero and the remaining
oscillations of the hammer head are clearly visible. Both
forces are used as input forces for simulating the string
velocities, using the measured parameters shown in Table I.
The simulated string velocities are then compared to the
measured velocity. Here, again, one can see an excellent
agreement between the measured velocity and the velocity

(b) |

FIG. 12. Hammer force reconstruction
applied to the string Dfl of a J. B.
Streicher piano made in 1850 (JBS50).
Two-wave scheme. (a) Comparison

between measured string velocity
(solid), velocity reconstructed with
(dashed), and without (dashed-dotted)
allpass filtering. (b) Comparison

between hammer force reconstructed
without (dashed) and with (solid) all-
pass filtering. (c),(d) Large-scale com-
parison between measured (solid) and
simulated velocity with filtered force
and corresponding spectra.
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FIG. 13. Hammer force reconstruction
method applied to the string Ff2 of a J.
B. Streicher piano (1873) with a two-
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simulated with the reconstructed force, even on a long period
of time. The simulations performed with the reconstructed
force as input quantity yields waveforms and spectra closer
to the measurements than the simulations using measured
hammer head acceleration and mass at the input. This is not
surprising since the reconstruction filter does not take the
vibrations of the hammer shank into account.

In the treble range, Fig. 14 shows the results of the ham-
mer force reconstruction method applied to the string Df6 of
a Bosendorfer piano with an eight-wave filtering scheme.
The comparison between the reconstructed force and the
measured force obtained through multiplication of mass and
acceleration of the hammer head again shows that this latter
is affected by the oscillations of the head + shank system,
resulting in differences in duration and shape of the main
pulse. Again, and for the same reasons as previously, the
string velocity simulated with the reconstructed force shows
a better agreement with the measured velocity that the veloc-
ity simulated with the measured force truncated to its first
positive pulse. This agreement is confirmed by observing the
velocities over a larger period of time (8ms) and on the

the simulations (dashed), and compari-
son with the hammer force derived
from measured mass and acceleration
of the hammer (solid). (c¢) Extended
comparison between measured (solid)
and simulated (dashed) string velocity
(20 ms) and corresponding spectra.

Frequency (kHz)

spectra, where only small differences are visible below
5kHz.

In summary, comparing the hammer pulses derived
from the present method with hammer head mass-
acceleration measurements shows that the present method is
insensitive to the perturbing oscillations of the hammer
shank. Its main advantage also follows from the fact that it
does not need to have direct access to the hammer: this fea-
ture is of the utmost importance when measuring valuable
and fragile instruments such as historic pianofortes.

D. Application to historic pianofortes

One running application of the present method is to
investigate the evolution of hammer-string interaction in the
history of piano making. In this respect, Fig. 15—(a) shows
an example of a reconstructed hammer force (note D3) for a
copy recently made by G. Hecher of a pianoforte built by
Nanette Streicher in 1805 (GHOS5). This instrument uses a
Viennese action,” and 200-yr-old leather is glued on the
hammer heads. From the qualitative comparison with the

Hammer force (N)

(b) |

FIG. 14. Force reconstruction applied
to a Bosendorfer piano with an eight-
wave filter. Note Dg6. (a) Comparison
between measured string velocity

String velocity (normalized)

(solid), simulated velocity excited by

the reconstructed force (dashed), and
simulated velocity with the measured
hammer force (mass x acceleration) at

0.2 0
(C)
0.1

String velocity (mys)

v

the input (dotted). (b) Comparison
(d) between measured (solid) and recon-
structed (dashed) hammer force. (c)
Comparison between measured (solid)
and simulated string velocity (dashed)
over 8ms. (d) Spectra of measured

\ 1 (solid) and  simulated velocity
‘ (dashed).
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G3 note for a Steinway D (1977). (c)
Comparison between measured (solid
line) and simulated (dashed) string
velocity for the N. Streicher-D3 note,
showing the effect of the Viennese
action in its second part.
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hammer acceleration measured of a modern piano in the same
half-octave (Steinway D, note G3) in Fig. 15(b), one can see
that both shapes are globally similar. However, close observa-
tion shows some differences in the slopes and rounded profiles
of the pulses, which are likely to be attributable to the respec-
tive behavior of leather and felt. Also interesting is the compar-
ison between measured and simulated velocity for the GHOS5-
D3 string in Fig. 15(c). The first part of both waveforms are
identical, but significant differences now exist in the second
part where the measured oscillations are significantly damped
compared to the velocity simulated with the reconstructed force
at the input. A very plausible explanation for this difference
lies in the specificity of the Viennese action, where the hammer
slips along the string before leaving it, a feature that is not
taken into account in the reconstruction model.

V. CONCLUSION

In this paper, an original method was presented for recon-
structing the piano hammer force from measurements of the
string velocity. This method is based on the use of dedicated fil-
ters applied to the measured velocity. The design of these filters
is derived from the analysis of wave propagation along a loss-
less linear string. For the five lowest octaves of a piano, a filter
based on two-wave propagation (one incident and one reflected
wave) is sufficient for reconstructing the hammer force. For the
highest notes, a four- or an eight-wave scheme is necessary.
The number of waves to consider is imposed by the duration of
the hammer pulse. The velocity sensor must be placed either
near the agraffe (two-wave scheme) or near the bridge (four-
and eight-wave schemes) in order to ensure that the recon-
structed force is not perturbed by the poles of the filter.

In a first step, the force reconstruction method has been
validated on simulated piano strings, where the model

J. Acoust. Soc. Am. 140 (5), November 2016
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includes absorbing, dispersive, and nonlinear terms. The input
parameters of these simulations were derived from measure-
ments on a large variety of historic and modern pianos. The
results show that both the damping and nonlinear terms only
have small effects on the estimation of the hammer force. On
the contrary, the dispersion due to stiffness leads to significant
discrepancies in the two lowest octaves, which needs to be
compensated by means of a suitable allpass filter.

In a second step, the force reconstruction method is tested
on velocity measurements performed on real piano strings.
The measured string velocity is compared to the corresponding
simulated velocity excited by the reconstructed force. It is
found that the reconstructed hammer force yields a simulated
string velocity that reproduces the measured velocity with a
high degree of accuracy, both in time and frequency. This
proves that the simplified string model used for designing the
reconstruction filters accounts well for the observed wave
propagation during the first oscillations after the hammer
stroke. During this small time interval, known complicating
effects, such as the whirling motion of the strings and the cou-
pling between adjacent strings of the same note, are not yet ini-
tiated and do not perturb the reconstruction of the force. In this
context, it would be of interest to compare the results with
methods requiring the use of longer portions of velocity signal
as, for example, those based on the use of direct and inverse
Fourier transforms in the frequency domain. Comparisons of
the reconstructed force with the results obtained by other
experimental methods (such as optical methods and high-
speed cameras) also remain to be done in order to completely
assess the pertinence of the present filtering.

In some cases, the reconstructed force was compared to
an estimate of the hammer force obtained by multiplying
together the measured mass and acceleration of the hammer
head. These comparison shows reasonable similarities in
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terms of amplitude, shape, and duration, but differences are
observed, which are mainly attributable to the oscillations of
the hammer shank. Simulations of the string velocity per-
formed with this measured force at the input of the present
filters show more discrepancies than with the reconstructed
force when compared to the measured velocity: such a result
is not surprising if we consider that the dynamics of the
shank are not included in the underlying model on which
the reconstruction is based. In this context, extending the
method to a filter with a transfer function between hammer
acceleration and string velocity, which would include a
model of shank, could be an interesting perspective.

Finally, the reconstruction method is applied to a copy
of an historic piano equipped with a particular action (the so-
called Viennese action). Qualitative comparison between the
reconstructed force and the hammer acceleration measured
on a neighboring note on a modern piano shows some differ-
ences that might be due to distinct compression behavior of
leather and felt, respectively. The comparison between mea-
sured and simulated string velocity of the D3 note played on
the historic piano also shows interesting features that are
likely attributable to the specificity of the Viennese action,
where the hammer slips along the string before leaving it.
This is known to produce a softer sound than modern pianos.
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APPENDIX

1. Wave analysis
For x, <xy, the pulses generated by the hammer reach
the sensor at the successive instants of time
= (w—x5)/c; th=(wm+x)/c
t3:(2L—)CH—XS)/C; 14:(2L—XH+XS)/C.
(A1)
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For a hammer pulse of width 74, the condition for non-
overlapping with the third pulse within the time interval t
is given by

f4ty <ty =1y <2(L—xy)/c. (A2)

Under this condition, the velocity signal is the sum of two
waves between t; and #; + 4. For x, > xy and L — x; < xy
(sensor close to the bridge), we have

t=(x,—xu)/c; th=QL—xy—x)/c;
t3 = (xg+x5)/c; ta= QL+ xy —x)/c. (A3)

The subsequent arrival times are such that #;,.4 = ; + 2L/c.
The condition of non-overlapping with the fifth pulse
between ¢, and 74 then becomes

t+1y <ts= 1y <2L/c=T). (A4)

Under this condition, the hammer force can be reconstructed
with the velocity represented by four waves. Finally, the
condition of non-overlapping with the ninth pulse within the
interval ty is

11+TH<I9$‘EH<4L/C=2T1. (AS)

For T| < ty < 2T}, the force can then be reconstructed with
the velocity signal represented by eight waves.

2. Reconstruction filter

The transfer function between string velocity and hammer
force for a lossless nondispersive struck string expressed in
Eqg. (6) can be conveniently obtained with the help of the dual
delay-line model shown in Fig. 16, adapted from the plucked
string model with pickup by Karjalainen er al.'> The upper
delay line accounts for the wave propagation in the direction
from agraffe (Al) to bridge (B1), through hammer (H1) and
sensor (S1) positions. The lower delay line accounts for the
propagation from bridge (B2) to agraffe (A2). The hammer
force Fy gives rise to two pulses F; and Fpp at position xy,
and the string velocity at position x; is the sum of the contribu-
tions V5 and Vi, from both lines. In the case xy < x,, the
delays (in samples) between the various points are

ng :foe/C; ng —ny = (XS_XH)fe/C§
np —ng = (L — x,)f/c. (A6)

R, and R, are the reflection coefficients at agraffe and bridge,
respectively. On the right-hand side of the lines, we can write

Vi = Vi + Vg = Vi [L + Ry z72071], (A7)

Denoting Vy; the string velocity at the hammer position
traveling to the right, we can write at the sensor position

Va =V Z_(n“_nH) + R.Ry, Z_an‘ V. (A8)
Finally, at the hammer position, we can write
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ZH Z_(ns-nH)

Z_(nL_ns)

H— > s —  ™B8,

(0) (Xy) (%) (L)
—> Delay line
VS1 FIG. 16. Dual delay-line model for a
F Fis A . o
R H vV R:l struck string (adapted from Karjalainen
@ F S b et al., Ref. 13). Case xy; < x,.
H2
Vs,
— Delay line
A2 H2 S2 B2
1Fy —ony °P. M. Morse, Vibration and Sound (Acoustical Society of America,
Vi =5~ [1+R,z72™]. (A9) Melville, NY, 1981), Chap. 3, pp. 61-147.

From Egs. (A7)-(A9), we get

Vi 1 zm[14R,z™|[1 +Rpz™]

Hop — -5 —
ET L 22, 1 — RRpz ™ ’

(A10)
with  ny = ny — ny, my =2ny, my =2(n, —ny) and my
= 2ny. For perfect reflecting ends, we have R, = R, = —1.
For dissipative ends, we can write R, = —g; and R, = —g»,

with [g1], [g2] < 1.
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